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Abstract

The specularity calculation of the Phong shading method is reformulated to
use the squared length of a difference vector in place of a dot product to
characterize the closeness of the viewpoint to the specularity. The new
formulation is eader to compute, using only a modest numbers of
multiplications and additions, and is much better behaved numerically. Due
to the better numerical properties, the new method also allows much simpler
approximations to vector normalization. The reformulation does not
reproduce the standard cos" Phong specularity shape exactly, but allows a
range of options in approximating that shape. Thisnew method is especially
well suited for fixed-point hardware implementation.

Dedication

Thisreport isdedicated to Bui Tuong Phong, whose work before his untimely
death advanced the field enormously. Dr. Bui Tuong is known to me and
many others only through his work and through his colleagues from the
University of Utah graphics group, many of whom |®e had the pleasure of
knowing and learning from over the lagt two decades.
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Introduction

The Phong shading method [Bui Tuong73, Bui Tuong75] of generating images of 3D
surfaces with realistic lighting hilites is a popular and standard approach in both
software and hardware renderers. However, it is a computationally expensive
process, and is often omitted in favor of a simpler method, such as Gouraud
shading, when speed mattersN especially in real-time hardware.

The computational cost comes from the large amount of per-pixel lighting
calculation that is needed, including one or more square roots to normalize
interpolated vectors, and an exponentiation (typically a log and an exponential) for
the specularity calculation.

We show how to formulate a close approximation to the Phong specularity
calculation, making it easy to compute using only a modest number of
multiplications and additions, and also making it much less sensitive to errorsin the
length normalization of direction vectors and to quantization error. In addition, we
present a simple approximate vector normalization technique, using only
multiplications and additions, that is compatible with the reformulated shading
calculation.

Background

Bui Tuong Phong® shading technique introduced two important but expensive
innovations: first, rather than interpolate colors across surface patches (asin the
predecessor Gouraud shading), it interpolates surface normals and evaluates a
lighting model at each pixel; second, a specular reflection component isadded to the
lighting model to produce hilites. The resulting image color at a pixel typically
consists of three components; ambient, diffuse (Lambertian), and specular reflection,
each of which is a product of a material color, a lighting color, and a geometric
factor:

lotal = Cala+ | (Calds(N¥L;) + Cslds(R¥Li))

in which the sum is over the set of light sources. Vectors are represented by bold
capital letters. Ids; isthe color of the ith light source (for both diffuse and specular
models), and I g isthe color of ambient (non-directional) lighting. Cg, Cd, and Csare
color vectors describing the reflectivity of the material in ambient, diffuse, and
specular lighting. N is the surface normal direction vector, L; is a direction vector
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pointing from the surface to the ith light, and R is the direction vector of the
viewpoint V reflected off the surface (view point vector V is also commonly referred
to as eye vector E). The material property that controls the concentration of the
specular reflection isthe O&ininessOn.

In the specularity calculation, sometimes Ry j¥V isused instead of R¥L;j, where R.j is
the reflection of the ith light vector off the surface; but that approach requires more
reflection operations when there are multiplelights. We take R asthe reflection of V
and omit the subscript i from here on for convenienceN much of the calculation will
still need to be repeated in the case of multiple lights.

Figure 1 shows a generalized shader in block diagram form, for a single light and
ignoring the ambient term (which is often not used, or isincorporated in simplified
form as an addition to the diffuse amount). The vectors used in our discussion are
illustrated in Figure 2. The Ollumination modelOof both of these figures, and much
of what follows, can be applied also in ray tradng, aswell to Gouraud shading and
flat shading, though these simpler shading approaches are not generally very good
at handling specularities.

Apple Computer, Inc. 3
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Figure 1: Block diagram of a generalized shader. The block Opecular reflection
calculatorQis of particular interest in thisreport. The calculations are repeated and
summed for each light source. In Phong shading, the input N and possibly also L
and V areinterpolated acoss spans of polygonsto be shaded. In Phong shading

and in ray tracdng, the calculations are repeated for each pixel. In Gouraud shading,
the calculations are done at each vertex, and in flat shading at each polygon. For
some physical illumination models, the light wavelength interacts with the
geometric calculations, or more material properties are required, so the shader can
not be decomposed in quitethisway.
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Figure 2: Illustration in two dimensions of a typical three-dimensional configuration
of asurface being rendered, with surface normal N, light vector L, view point vector
V, reflected viewpoint vector R, angle" , and difference vector D. The construction
of the reflected vector R = 2(V¥N)NBV isillustrated in terms of the projection
(V¥N)N of the viewpoint vector onto the surface normal vector.

When the lights and viewpoint are at an infinite distance from the object, their
direction vectors do not vary acoss a surface patch or span, so only the surface
normal needs to be interpolated and normalized. More generally, the lights and
viewpoint may be Obcal,Oor in the vicinity of the object being rendered, in which
case their directions will need to be interpolated and normalized aswell. In some
systems, the view point may be local but the lights at infinity.

The diffuse term, modeled by Lambert@® law N¥L, does not depend on the
viewpoint, but requires surface normals and light vectors of unit length. A vector
linearly interpolated between unit-length direction vectors has a length less than
unity, and is corrected by dividing by the square root of the dot-product with itself.
The divide and the square root are usually relatively expensive. The accuracy
requirements on the normalization are not particularly severeN the final intensity is

Apple Computer, Inc. 5
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simply proportional to each vector length, so up to a 1% maximum normalization
error might be acceptable for the diffuse term.

The same normalization step is used for the vectors in the specular term, where
normalization errorsin N and V both affect R. But in thisterm, the dot product R¥L
is raised to the nth power, where n, the material® Osininess coefficientO is
sometimes as high asseveral thousand, resulting in tremendous error magnification.
In systems that use this formulation directly, the error magnification puts severe
accuracy requirements on the normalization operationN typically 16 bits of
precisionN which means that it is difficult to use a low-cost approximation. The
exponentiation is similarly constrained to be an accurate operation on a 16-bit input.

Phong Specularity Reformulation

The specular coefficient (R¥L)" may be thought of asthe function cos"" of the angle
" between the light direction L and the reflected viewpoint R. The key to our
reformulation isto compute a similar function of " from the difference REL instead
of from the dot product, and thereby to avoid the exponentiation and to a large
extent the error magnification. This reformulation was developed as a good
approximation for a fixed-point hardware renderer, but it also provides advantages
in software, potentially even in floating-point implementations.

The key to the reformulation is the observation that the angle " is approximately
equal to the length of the difference vector D:

" #$D$=%RELS

Actually, the length of D is 2¢8n("/2), which is monotonic up to an angle of
" =0%# 3.14 (180j), where $D$ is 2. At" =%2# 1.57(90j), $D$ is about 1.41,which
isnot too terrible; the approximation is excellent for smaller angles.

Using $D$ for ", the function cos" can be approximated in various ways.
Fortunately, cos"" is an even function, so it can be computed from the squared
length of D, which is D¥D, avoiding the square root inherent in $D$. Using "2 =
D¥D, we can write the Taylor series expansion of cos" and find the leading term of
its nth power:

mn 2 4 n n 2
cos™ ! =(1 %—! +-4]ﬁ! +) #1 -‘%!

Apple Computer, Inc. 6
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Therefore, a plausible first approximation for (R¥L)" is 1B(n/ 2)D¥D. For better
approximations, it will be convenient to first define the intermediate value x:

x = (n/ 2)D¥D

We consider O$iape functionsOf(x) that define the shape of the specular reflection in
terms of the squared length of the difference vector times half the surface shininess
coefficient. Call thisfirst approximation fo(x):

fo(x) = 1 Bx

When the difference vector D is zero, the reflected view direction looks directly into
the light. In this case, f(0) correctly matches cos"" at 1.0 (assuming normalized
inputsN wedl discuss the error sensitivity later). As the light and viewpoint move
away from their reflection relationship, x increases in proportion to the surface
shininess and the squared distance. Soon, fg(x) becomes negative, which is
nonsensical. Therefore, we define fo(x) to be zero for x>1.

Notice that the specularity has an angular size that can be charaderized by a
nominal radius 1/ sqrt(n), where x is 1/ 2. For large n, cos"" falls to about exp(Bl/ 2)
= 0.6065,like a Gaussian at one standard deviation out; the approximation fg(x) falls
to 1/ 2 at thisnominal radius, which is a significant but not gross error.

For a better approximation, we could take more terms of the Taylor series for cos"",
but we don®expect that that approach would give avery good result, knowing how
ill-behaved Taylor series tend to be. Instead, we want to assure that f(x) will
smoothly approach zero for large values of X, in the nature of the bell-shaped cos""
function. Where 1EX crosses zero linearly, we can get a smooth quadratic approach
to zero by squaring 1EX, but this also narrows the main peak of the shape function.
We compensate by dividing x by two, to arrive at the following second
approximation which still matches the Taylor series quadratic term:

f1(x) = (1 Bx/ 2)2
Since squaring is cheap, and squaring the square is not much worse, we are able to
make a general family of shape functions by repeating the above modification as

follows:

fo(x) = (1 Bx/ 4)4

Apple Computer, Inc. 7
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fi(x) = (1 Dx/ 2k)2K

The general form looks imposing, since it hasthe exponential 2K in the exponent; but
it is computed simply ask successive squarings. And the factor 2% that multiplies x
is just a shift (in a fixed-point system). In each case, the function fi(x) should be
taken as zero for x>2%. Functions with k of 0 or 1 may be useful, and k=2 provides
an approximation that isvisually indistinguishable from true Phong shading.

These shape functions are plotted asafunction of " for n=100in Figure 3, along with
cos™ (for this large n value, we don® need to correct for the error between " and
the length of D). Some people think that the standard Phong specularity shape has
too broad atail; they might prefer the simpler approximations with k of O or 1.

1+
I - - -
| nominal specularity half-widt
0.8 4 | 1/sqrt(n) = 0.1 rad, for n = 1C
I
0.6 ¢
0.4 1 |
I
I
0.2 ¢
I
I
|

0.1 0.2 03 !

Figure 3: Specularity shapes asafunction of angle” , compared to the standard
Phong shape cos"", illustrated for n=100.

The approximation to cos"" breaks down for very small n, for two reasons. First,
the length of D is significantly less than " for large angles; second, the function
cos"" dependson n and " separately, not exactly on the product n" 2. In particular,
cos"" goes to zero at " =% 2, independent of n, rather than at a particular value of
n" 2. For n=1, f1(x) doesn® go to zero until " =% and f(x) never goes to zero. For
n=4, f1(X) goesto zero at " =%3, and fo(x) goesto zero at " =942, which are much more
reasonable. These very low n values probably don® matter in many cases, but if

Apple Computer, Inc. 8
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they do, at least the reformulated specular reflection still falls off from the peak at
theright quadratic rate.

Length Error Sensitivity

Unfortunately, the functions (R¥L)" and fx(x) depend not only on the angle ", but
also on the lengths of the vectors R and L. For example, suppose L is unit length,
but R is of length 1E& Then when R alignswith L, such that " is zero, (R¥L)" is (1D
&N, while fk(x) is about 18(n/ 2)&, which is much closer to unity. Therelative errors,
if small enough, are well approximated by n&and (n/ 2)&. Thus for arelative error
of 5% at the specularity peak, and n of 1000, the standard formulation requires
€<0.00005(1 part in 20000 normalization accuracyN more than 14 bits), while the
new formulation allows e<0.01 (only 1 part in 100N fewer than 7 bits). So we should
be able to get away with a cheap approximate normalization with up to about a 1%
residual length error (more or less, depending on the maximum n used and the
maximum angle interpolated across).

Approximate Normalization

A vector N'isnormalized to produce N by multiplying by 1/ sqrt(N"¥N"), so for cost-
effective hardware we need a good approximation to a reciprocal square root. A
Taylor series expansion about 1isagood start, using z to represent N'¥N":

o2) = ==1-3z-D+3(z-)?+ E

If the vectors being interpolated are well normalized to unity length at the ends of
each span, the linearly interpolated vectors will be shorter than unity length; in fad,
they can be asshort ascos(' / 2) if the vectors at the ends of the span are at an angle'
from each other. The length can approach zero only if the vectors are nearly 180;
apart, which can happen only for a local light or a local viewpoint very close to a
surface. With little loss of generality, we can consider ' to be restricted to 90;, in
which case the squared length isnot lessthan 1/ 2.

Since x islessthan 1in the usual case, we negate zBL in the Taylor seriesto a positive
error y = 1&x, and consider the following approximations of first and second order:

01(z) =1+3 (1! 2)=1+%

Apple Computer, Inc. 9
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2
02(2) =1+3(1! 2) +3(1! 2)% =1+ L

In the second-order case, we use an ad hac modification of the second-order Taylor
series coefficient, overcorrecting for a better overall fit as seen in Figure 4N the
coefficients are also nicer, being in common and a power of two.

When vy is 1/ 2,the maximum error for interpolating across 90;j, the correct answer is
g(z) = 1.414. The approximations give g1(z) = 1.25and g»(z) = 1.375,for errors of just
under 12% and 3%, respectively. The former is probably too much error, but the
latter is probably acceptableN it implies a significant (factor of two) reduction in
specularity height near the middle of a span for very shiny (n = 1000)surfaces when
interpolating across large angles (90;).

Figure 4 shows the length of vectors after approximate normalization for the first-
and second-order approximations, and shows that the second-order approximation
is good to better than 0.5% for input vector lengths aslow as 0.8, corresponding to
interpolation across more than 60j, which is plenty for surface normalsin reasonable
object models. The first-order approximation is seen to be reasonable only over a
more limited range. Note that the second-order version over-corrects vectors of
length near 0.9 to afinal length of about 1.002,which isacompletely negligible error
for our purposes.

1.01 +
lengtr
better g
L of N
normalization
approximatiot

0.9

simpler
normalization
approximatior

0.99 +
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Figure 4: Graph of the length of an approximately normalized vector asafunction
of the length of the original vector, for first order (lower curve) and second-order
(upper curve) approximations.

Gaussian and Exponential Relationships

After reformulating the specular reflection model more as less as described above,
we noticed asimpler approach based on approximately Gaussian specular reflection
shapes and on an exponential approximation. We also observe that a number of
physical models have been invoked in deriving various related specular reflection
shapes, including Gaussian, which are mostly well approximated the same way
[Blinn77].

The key exponential relationship we need is
(1+x/ K)X #exp(x) for x/ K<<1
In addition, we use the definition of a zero-mean Gaussian:

exp(B(1/ 2)(x/ ()?)

We also need cos" in terms of ", either using the Taylor series as before, or this
way using sin” #":

cos"" = (sgrt(1 Bsin2' ))N = (1 Bsin2" )/ 2) # (1 " 2)(n/ 2)

For large n and small ", the above isrecognized asa Gaussian of standard deviation
( =1/ sgrt(n), by applying the exponential approximation:

cos"" # (1 D" 2)(/ 2) # exp(B(n/ 2)" 2
Working from the Gaussian back to the exponential form with a different specified
exponent, one obtains the reformulated shape function, where now K is a more

general form for the previous 2k:

cosN" #exp(B(n/ 2)" 2) # (1 B(n/ 2K)" 2K

Apple Computer, Inc. 11
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To complete the derivation, " must be approximated by the length of the chord or
difference vector D, as before. Of course, for ease of implementation using
successive squarings, K should still be chosen to be a power of two.

The Half-way Vector Approach

Figure 5 illustrates, using a vector diagram similar to that of Figure 2, three
alternative ways to compute a difference vector D using a half-way vector H defined
by H =V + L, half way between the light and viewpoint, rather than by using a
reflected vector R.

In the method of Figure 2, vector D wascalculated asD = REL, or D = (2V¥N)NBVD
L. Asafirst method in Figure 6, we show avector D 1, which isidentical to vector D,
which may be seen by substituting EH for EVEL in the definition of D to obtain
difference vector D1 as D1 = (2V¥N)NEH. But now the difference is expressed
relative to the half-way vector H.

In Figure 5 we have found it convenient to illustrate the calculation of (2V¥N)N by
first doubling vector V to obtain vector 2V, and then projecting it onto N, rather
than by first projecting and then doubling as in Figure 2; this difference is not
relevant except to reduce clutter in the center of the vector diagram.

Apple Computer, Inc. 12
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Figure5: Vector diagram showing three waysto use an un-normalized
half-way vector H = V+L to compute a difference vector.

As mentioned above, instead of comparing the light vector with the reflected
viewpoint vector, the same result (in terms of dot product) may be obtained by
comparing the view point vector with the reflected light vector. Correspondingly, in
our reformulation, a difference vector may be generated by subtracting a view point
vector from a reflected light vector. This method is not illustrated explicitly, but
produces the identical vector asthe second approach illustrated in Figure 5, which
computes Do asDo = (2L¥N)NEH, using the half-way vector H and the projection of
the doubled light vector 2L onto N.

Vector D is not equal to vector D1, but their lengths are equal, so they may be used
interchangeablyN ignoring normalization imperfections. A third method of
computing a difference vector D3 that is not equivalent is motivated by the
observation that 2V and 2L appear in equivalent places in the definitions of
equivalent vectors, so perhaps V+L would work aswell or better. This reasoning
leads to the computation of vector D3 as D3 = (H¥N)NEH, the difference between
the half-way vector H and its projection (H¥N)N onto N. We have not yet analyzed
the extent to which this variation might impac the appearance of arendered image,

Apple Computer, Inc. 13
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asmight be expected particularly in the case of grazing angles of reflection, where a
short H would tend to produce a short D, for an increased reflection; this effect
could be afeature or abug.

In the half-way vector approach of Blinn [Blinn 1977, the normalized half-way
vector H* is used, and H¥N is used as the bass of the specular reflection
computation. Our D3 method may be viewed asan improvement of Blinn@ method,
since it entirely avoids the need for a normalization of the half-way vectorN we need
the projection operation instead, but no square root or divide. The half-way vector
is in general difficult to normalize accurately, since the length of E+L may be near
zero, even at a maximal specularity. If it is desirable to better approximate Blinn@
method, it is possible to normalize or approximately normalize H to obtain H*, and
to then compute D as a difference either between H* and N or between H* and its
projection (H*¥N)N. These additional methods are not illustrated. There may be a
variety of other ways to compute a difference vector whose length is useful as an
indicator of the extent to which the configuration being rendered deviates from the
maximal specular reflection.

Pixel Shading Hardware Datapaths

Figure 6 shows a block diagram of a portion of a hypothetical hardware
arrangement that uses the first version of our reformulationN i.e., the version with
the reflected viewpoint vector. Linear interpolation (LIRP) and approximate
normalization are shown only for the surface normal, but could also be used for the
light and view point vectors. We show only basic data paths, and not the logic that
controls iterations over multiple lightsN it@ clear from the diagram which parts
depend on L and would need to be repeated.

The dot product and exponentiation calculations of the standard Phong renderer
have been replaced by the more easily implemented reformulation as shown. The
squared magnitude of the difference vector D, the dot product of D with itself, is
multiplied by shininess n to generate the intermediate scalar x. We show a divide
by two here, based on our chosen definition of x, but since the next block divides x
further, the shifts would probably be combined into one placeN so don® take the
hardware block diagram too literally. Finally, a shape function fx(x) is performed on
X to simulate the drop-off of specular reflection with distance from the specularity.
Internally, the shape function isjust a shift, a subtraction, and zero or more cascaded
squaring operations. Unlike typical implementations using exponentiation and
exact normalization, this one uses no tables and no iterations.

Apple Computer, Inc. 14
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Figure 6: Block diagram of Phong shading diffuse reflection and
specular reflection calculators, showing surface normal interpolation
and approximate normalization.

Expanding on Figure 6, a more detailed hardware data path diagram is shown in
Figure 7, annotated with plausible numbers of bits of fixed-point data representation
at each point, specified asn.m for n+m bits with n bits of left of the point and m to
the right, or Sh.m for signed values totaling 1+n+m bits. The proposed bit counts
have not been simulated, and may have been too aggressively reduced in some
cases. An extra high bit may be needed at some locations for edge-condition values
(e.g. exactly 1.0). Additional tests may also be needed; for example, the OtacksideO
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test N¥L < Oisusually applied to zero the diffuse component, but would introduce a
small discontinuity if used to zero the specular component.

Figure 7 (parts abd) is a detailed diagram of the specular reflection calculator in
terms of elementary arithmetic operations, using the method of Figure 2 and the
structure of Figure 6. Figure 7a shows the calculation of the interpolated and
approximately normalized normal vector N. Figure 7b shows the Reflect operation
that calculates the reflected viewpoint vector R from N and V. Figure 7c shows the
calculation of the difference vector D, its squared magnitude, and the intermediate
scalar value x (actually 2x in this case). Figure 7d shows the calculation of the final
specular amount asa shape function of x. The calculation of diffuse amount N¥L is
not shown. Triplelines represent X, Y, Z datapaths, and are not meant to imply a
particular choice of parallelism versus serialization of the data and calculations.

In Figure 7a, surface normal vectors No and N1 representing two corners or edges of
a surface patch to be rendered are provided asinput to a linear interpolator, which
produces the linear combination N' as determined by the interpolation factor OaO,
which is applied asa weighting factor on N1. A OBOblock subtrads its input from
unity to produce OBaOas a weight for No. An equivalent linear interpolation
hardware structure might merge the subtraction and two multipliers into a single
structure. An approximate normalization operation on N' follows. The dot product
N'¥N’, representing the squared length of N, is provided as the input OzOto the
g2(z) approximation of the reciprocal square root, as discussed above. The result is
used to scale N', to produce an approximately normalized normal vector N.

With 10-bit fractional parts on all the direction vectors, length errors and angle
errors will correspond to less than 0.001 radian, except when interpolating across
large angles, in which case the approximation will introduce more error. The error
of 0.001radianis small compared to the smallest specularity angular radius, unlessn
is allowed to approach a million, so it should not be a big contributor to the final
error.

Apple Computer, Inc. 16
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Figure 7b shows the Reflect operation. Normal vector N and viewpoint vector V are
dotted to produce N¥V, which isthen doubled and multiplied by N to produce the
projection (2N¥V)N. Finally, subtractors compute the reflected viewpoint vector R.
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Figure 7b: Reflection of Viewpoint about N ormal
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Figure 7c shows the computation of D asthe vector difference REL, followed by the
dot product of D with itself, D¥D, which is the squared length of D. Finally,
intermediate value 2x is calculated by multiplying by the material shininess
parameter n. A rather large multiplier is needed for this operation, since n can be
large or small (1 to 8000in the example) and it scales the wide dynamic range of
D¥D into an even wider range number 2x, of which the fractional part represents
the smaller range over which the shape function is nonzero.

R S0.10

AAALLAN
Vector

Subtracto

Dot Product

+ v +2_20 Calculator

n 2.20 5
14.0 v D¥D = |D|

14x22 ><

16.20 _ 2
16.9 2x =D

Figure 7c. Difference Vector and x calculation.
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In Figure 7d, the intermediate value 2x is arithmetically to the right by 3 places,
producing x/ 4. The OBOblock computes 1Ex/ 4. Two multipliers are connected as
successive squaring circuits to compute the fourth power (18x/ 4)4. A comparison of
x/ 4 to unity controls the output multiplexor to select either (1Ex/ 4)4 if x/ 4 is less
than unity, or zero otherwise, to produce the specular amount.

2X ¢
16.9

shift right

3 places

13.12 POl 117
012y x/4

1t
0.12
1Dx/«
oof |
10x10 ><
two
2 020 squaring
(19)(/4‘09 ; stages

08§ Specular Amour

Figure 7d: Shapefunction calculation for k=2.

The particular structure described in Figure 7 is based on the choice of shape
function characterized by k=2. A shape function characterized by a different value
of k can be implemented simply by changing the shifter to shift by k+1 places and
changing the number of successive squaring multipliers to be k, with no further
changes.
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Hardware Rearrangements for Bit Reductions

The wide dynamic range of the shininess coefficient n is itself a problem when
designing an efficient hardware renderer, adding ten or more bits to the accuracy
requirements on the D¥D calculation. Since n represents a specularity with angular
radius of sqrt(1/ n) radians, we propose to substitute a modified shininess parameter
m = sqrt(n), which specifies a specularity of angular radius 1/ m. If m is an integer
from 1to 63, for example, it covers the same range of shininess asn from 1 to 4000,
though in coarser steps. The calculation x = (n/ 2)D¥D is still easy, multiplying the
three components of D by m, rather than thedot product by n: x = (1/ 2mD¥mD .

While this approach appears to be more complex, using three multiplications in
place of one, it can have significant beneficial impact on fixed-point hardware due to
quantization issues.

Figure 8 shows a detailed diagram of an alternative implementation of the portion of
a specular reflection calculator following the computation of the difference vector D,
but using m instead of n. The computation proceeds asfollows: difference vector D
isrectified (absolute value of each component) for reasons that will become apparent
shortly; the rectified vector D* is multiplied by the parameter m to produce vector
mD*; the dot product operator computes (m| D| )2, corresponding to x/ 4. The shape
function is as in Figure 7d, except that we use k=1 in this example and the
comparator isaugmented with moreinputsto be compared to unity.

Asdescribed above, the implementation of Figure 8 will produce approximately the
same result as the one of Figure 7, with the absolute value operators and the
augmentations to the comparator having no effect. The scheme of Figure 8 is
apparently more costly than that of Figure 7, since it uses two more multipliers to
multiply three vector components by m than to multiply a scalar by n. But this
scheme may be preferred in a hardware implementation because much smaller
multipliers can be used, due to numerical advantages of this rearrangement. In
particular, the dot product operator needs to accept as input only the bits
representing the fractional parts of the vector components, if the components are
positive as assured by the absolute value operators, and if the integer parts are
detected by the augmented comparator. Many multiplier bits are saved; for
example, the six 7x11and 9x9 multipliers are likely to be smaller and faster than the
three 12x12 and one 14x22 required for similar accuracy in the arrangement of
Figure7.
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Figure 8: Hardware portion modified to use the proposed
Owot-shininessOparameter m and generally fewer bits.
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Simulation Results

In order to test the appearance of shiny objects rendered using the proposed new
specularity formulations, we have hacked together a simple test program in
MATLAB (a Onatrix laboratoryO interactive environment available on most
computers, including Macintosh). The few pages of code involved are shown in the
appendix so that details may be verified and duplicated.

The simulation shades only unit-radius spheres, which have the nice property that
the surface normal at any point is equal to the location of the point, with the sphere
center asorigin. The form of the figure is modeled after figures comparing Phong
shading with the Blinn H¥N variant in The Renderman Companion [Upstill90].

To further simplify the test, light and viewpoint vectors are constant (at infinity, as
opposed to ObcalO) and colors are monochrome. Since polygons and spans are not
used, no normal vector interpolation is done, and the approximate normalization
performance is therefore not testedN only the specularity shape is tested. By fixing
the viewpoint at (0,0,1), we implicitly project object points [x,y,z] to image points
[x,y], so that it is easy to go from the image point to the object point and normal
vector as[x,y,sqrt(1Ex26y2)]. Multiple spheres are rendered asif each is at the origin,
and their images are overlapped by offsetting image plane indices. Thus, in this
simple test program we have no explicit representation of objects, spans, colors, or
depths, and no explicit computation of projection, hidden surface removal, etc. Two
light source locations and some other parameters are specified as constants in the
MATLAB code script. The function file specfuns.m returns of a vector of specular
amounts determined by each of the methods being compared, saving lots of
duplicated overhead that would result by rendering separately by each method.
Within specfuns.m, we attempt to give the shininess coefficient n a consistent
interpretation in terms of the quadratic rate of falloff of the specularity from its peak
(i.e., the first nontrivial Taylor coefficient as a function of angle " or approximate
equivalent); thisinterpretation of specularity OwidthOis much simpler than Blinn's)
definition [Blinn77], but may be less meaningful for very small n.

The code in the appendix produces the result presented in Figure 9, which shows
dark (low diffuse reflectivity) sphereslit by two point light sources, one to the right,
high, and in back of the spheres, and the other to the right, low, and in front (i.e.
light direction vectors parallel to[1,1,-1] and [1,-1,1]). Five different shininess values
are tested, and twelve different specularity formulations, asnoted in the figure. The
leftmost column, with n=1, is not a particularly useful case, but shows up some of
the bad edge effects of some of the formulations in this limiting case. For example,
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the original Phong method specularity shape goes abruptly to zero for n=1 but not
for n>1; the Blinn (H¥N)4" method avoids this behavior at approximately the same
specularity width, since it uses afour times greater exponent for agiven width.

The first thing to notice is that for n>4 or so, all the methods work OK, with the
exception of row 10, which loses the glancing hilite. T